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ABSTRACT
L et G be a compact a b e l ia n  group whose du al group r 
has a f i n i t e  t o r s io n  su bgroup . L e t  n e M(G) such th a t  |n |
a s s i g n s  no mass t o  any c o s e t  o f  any c l o s e d  subgroup o f  G
whose in d ex  i s  i n f i n i t e .  Then t h e r e  i s  d > 0 , dependent
o n ly  on ||n|| , such t h a t  i f  f o r  each  y e r  , | £ ( y ) |  > 1 or
| ^ ( Y) |  < a > then se-t Cv ' (Cx(y ) | > 1 ) i s  f i n i t e .  An 
upper bound on th e  c a r d i n a l i t y  o f  t h i s  s e t  i s  o b ta in e d  in  term s  




G w i l l  d enote  a compact a b e l ia n  group , r i t s  d u a l  
group and M(G) th e  m easure a lg e b r a  o f  f i n i t e  B o r e l  m easures  
on G . We s h a l l  assume t h a t  r  has a f i n i t e  t o r s i o n  sub­
group . Let p e M(G) such  t h a t  |p |  a s s ig n s  no mass t o  any
c o s e t  o f  any c lo s e d  subgroup o f  G whose in d ex  i s  i n f i n i t e .
We prove t h a t  th e r e  i s  a number d > 0 , dependent o n ly  on 
||p|| , such th a t  i f  f o r  each  y e F , | ^ ( y ) |  > 1  o r  | p ( y ) |  < d
then  th e  s e t  o f  Y such t h a t  1̂ (y ) |  > 1  i s  f i n i t e .  We o b ta in
an upper bound on th e  c a r d i n a l i t y  o f  t h i s  s e t  in  term s o f  ||p|| 
and the  c a r d i n a l i t y  o f  t h e  t o r s i o n  subgroup o f  T .
De Leeuw and K a tzn e lso n  f i r s t  proved t h i s  theorem  f o r  the  
c i r c l e  group T [ 1 ,  Lemma 2 ] .  They proved  t h a t ,  f o r  any  
C > 0 , t h e r e  i s  d = d(C) < 1 0 “  ̂ s a t i s f y i n g  th e  f o l lo w in g :  
Suppose th a t  p e M(T) i s  a c o n t in u o u s  measure w ith  ||p|| < C 
and, f o r  |n j  s u f f i c i e n t l y  l a r g e ,  | ( n ) | < d or  
R e (( i(n ))  > 1 -d  ; then {n : | p ( n ) |  > d) i s  f i n i t e .  W ithout 
a n u m erica l bound on th e  c a r d i n a l i t y  o f  fn : |£ l (n ) |  > d)
1
2
t h e i r  method d oes  not seem t o  g e n e r a l i z e .  Such a bound can 
be o b ta in e d  by i m i t a t i n g  D a v e n p o r t ' s  p roced u re  in  [ 2 ] ,  i f  
d i s  sm a ll  enough and |j j i(n ) | < d o r  | f t ( n ) |  > 1 -d  f o r  a l l  
I n t e g e r s  n . In [2 ]  D avenp ort p r o v e s  t h a t  i f  a t r ig o n o m e t r ic  
p o ly n o m ia l  p ( x )  = E a ( n ) e x p ( 27rinx) has N c o e f f i c i e n t s  o f  
m odulus a t  l e a s t  one and a l l  o t h e r  c o e f f i c i e n t s  e q u a l  to  
z e r o ,  then  th e  L^-norm o f  p i s  a t  l e a s t  
8“1 ( l o g  N)1/ 4 ( l o g  lo g  N)"1/ 4 .
For an a r b i t r a r y  l o c a l l y  com pact a b e l ia n  group G , 
G lic k s b e r g  proved  in [ 3 ]  t h a t  i f  n e M(G) and 0 i s  i s o l a t e d  
in  {0 )  u |jl(G) then t h e r e  i s  a  com pact subgroup H o f  G f o r
which Hjj , t h e  part o f  \x c a r r i e d  by t h e  c o s e t s  o f  H , i s
th e  c o n v o lu t io n  o f  a n o n -z e r o  id e m p o te n t  and an i n v e r t i b l e .  He
p rov ed  t h a t  jjLj = [ ( s  y jn u ]  * x where A i s  a f i n i t e  s u b s e t
A YeA _1
o f  G , nijj i s  the  Haar m easure on H , and X e M(G)
For m easures \x such t h a t  ^  = 0 when H i s  a c l o s e d  sub­
group o f  G o f  i n f i n i t e  in d e x ,  t h e  h y p o t h e s i s  t h a t  0 i s  i s o ­
l a t e d  in  {0) U (!(&) y i e l d s  th e  c o n c lu s io n  t h a t  H i s  a t r i g -
A
o n o m e t r ic  p o ly n o m ia l .  When G i s  compact and G has a 
f i n i t e  t o r s i o n  subgroup, one can th e n  u se  H ew itt  and Zucker-  
m an's g e n e r a l i z a t i o n  [ 4 ]  o f  D a v e n p o r t ' s  r e s u l t  [ 2 ]  t o  e s t im a t e  
th e  c a r d i n a l i t y  o f  th e  s e t  o f  y g r  such t h a t  |(a(y ) |  > 0 .
SECTION I I  
THEOREMS
In t h i s  s e c t i o n  we s t a t e  our theorem s p r e c i s e l y  and p ro ve  
Theorem 2 assum ing Theorem 1 .  In what f o l l o w s  B = B(p) =
{Y € r  : | (U y ) |  > 1 )  •
Theorem 1 . Let G he a compact a b e l ia n  group whose d u a l group  
T has a t  most K t o r s i o n  e le m e n t s .  L et p e M(G) such t h a t  
|p j  a s s i g n s  no mass t o  any c o s e t  o f  any c l o s e d  subgroup o f  G 
whose in d ex  i s  i n f i n i t e .  I f  c a r d (B (p ) )  > K (r + l)^ r , th en
p
t h e r e  e x i s t  y0 ana Yk  ̂j  * 1 < k < r  * 1 < J < r , in
B(p) such t h a t  i f  P Q = {Yq ) and
Pk+1 = Pk u Ŷk + l , j  : 1 < J u + Yk + l , i  " Yk + l , j ^  '
then
f o r  y e Pk_1 and i  < j  , we have y + Yk # i  -  Yk ^j i  B . (1 )
The p r o o f  o f  Theorem 1 r e q u ir e s  s e v e r a l  r e d u c t io n s  which
3
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w i l l  be p o s tp o n ed  t o  l a t e r  s e c t i o n s .  Theorem 1 was s u g g e s t e d  
by Theorem 1* w h ich  f o r  th e  c a s e  o f  G = T can be found  in  
D a ven p ort’ s  p a p er  [ 2 ] .
Theorem 1 * . L e t  G be a compact a b e l ia n  group whose dual
group T i s  an o r d e r e d  g r o u p . Suppose t h a t  p e M(G) such  
2
t h a t  ( r + l ) 3 r  < c a r d ( B ( n ) )  < °° . Then t h e r e  e x i s t  YQ and 
Yk , j  , l < k < r 2 , l < j < r ,  in  B (n) su ch  t h a t  i f  PQ =
Cy 0 3 a n d
pk + l  = Pk U fYk + l ,  j  : 1 < J u pk + Yk + l , i  " Yk+1, '
th en
f o r  Y e Pk_ 1 and i  < J we have  Y + Y j^ i  -  Yk , j  /  B •
S in c e  th e  p r o o f  o f  Theorem 1* found in  [ 2 ]  f o r  G = T works 
w ith o u t  change f o r  t h e  g e n e r a l  c a s e ,  we om it t h e  p r o o f  o f
i
Theorem 1
Theorem 2 . L et G be a compact a b e l ia n  group whose d u a l  
group r  h a s  a t  m ost K t o r s i o n  e le m e n t s .  L et ^ e M(G) 
such th a t  |p j  a s s i g n s  no mass t o  any c o s e t  o f  any c lo s e d  
subgroup o f  G whose in d e x  i s  i n f i n i t e . L e t  r be a p o s i ­
t i v e  i n t e g e r  g r e a t e r  than  2 such  t h a t  4 _^ ( l - e ’’2 )r'1' / 2 > |j|i|| . 
I f
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| £ ( Y ) |  > 1 o r  |( j t (y ) |  < 2_ 1 r 3/ 2r " 2 r  (2 )
f o r  a l l  Y e r  , th e n  t h e  c a r d i n a l i t y  o f  B (n ) i s  a t  most 
K ( r + l ) 3r .
The p r o o f  o f  Theorem 2 i s  ad ap ted  from  [ 2 ] .  O r i g i n a l ly  
c o n d i t io n  (2) read
2
| (Y) | > 1  o r  |£x(y ) |  < 2- 1 r 3/ 2 ( r + l ) " 3 r  .
Gordon Woodward s u g g e s t e d  t h e  im provem ent.
■* 2 
P ro of  o f  Theorem 2 . Suppose c a r d (B (p ) )  > K ( r + l ) 3r  . U sing
2
Y0 and Y k j j l . < k < r  * 1 < J < r  * a s  g iv e n  by Theorem 1 ,
we d e f in e  t r ig o n o m e t r i c  p o ly n o m ia ls  cpq, •**,cp p i n d u c t i v e l y  a s
r
f o l lo w s :
cp0 = o (&(Y0 ) ) ( y0 , *)
where o (x )  = x j x j ” 1 f o r  x /  0 and a (x )  = x | x | _1 .
<Pk = 'P k -lf1 " 2r  2 “ r  3 ±^  a ^ ( Yk , i ) ) a ^ ^ Yk , j ) ) ( Y k , i  -  
+ r - 5 / 2 ^ ( 0 ( Y k ) j ) ) ( Y k j J , - )  •
Note th a t  i f  PQ, • • • , ?  ^ a r e  d e f in e d  a s  in  th e  s ta te m e n t  o f
6
Theorem 1 , each  cp̂  i s  a P ^ -p o ly n o m ia l . By [ 2 , Lemmas 1
and 2 ] ,  IcpjJg)! < 1 f o r  a l l  g e G . L et l k = J cpk (g )d v i(-g )  .
Then I Q = |£l(Yq )J > 1 . M oreover
R e ( I k ) > ( l - 2 r - a )R e (I k_ 1 ) + ±  r ' 3/ 2 . (3 )
To compute (3 )  we w r i t e
I k = ( l - S r - 2 ) ! ^  + r - 5 / 2 j  |H(Yk f J ) |
■ r  3y ^p ^  'Pk- i + Yk , i  ■ Yk ,;R
= ( 1 - S r * 2 ) ^ ^  + r - 5 / 2 e |H(Yk> J) |  -  r ' 3A .
Thus,
R e ( I k ) > ( l - 2 r “ 2 )R e (I k_ 1 ) + r~ 3/ 2-  r “3 |A| .
Observe th a t  each  term  o f  A i s  bounded in  modulus by 
/  2
2”^r^/'^ r ”^r by (1 )  and (2 )  and t h a t  th e  number o f  term s in
T P PVA i s  a t  most ^  r ( r - 1 ) * c a r d ( P k_^) < r card Pk_ j  <, r
Note t h a t  c a r d (P Q) = 1 < r 2 ’0 and t h a t  
card(P k+i )
= c a rd (P k u (Yk+1^j : 1 < j < r )  U + Yk + l j l  -  Yk + l j J ] )
< card Pk + r + i  r  ( r - l ) c a r d  PR < ( l + r + ^  ( r ) ( r - 1 )  )ca r d (P k )
< r 2 card(P k ) ,
2kh en ce  card fP ^ ) < r  . I t  f o l l o w s  from (3 ) u s in g  in d u c t io n  
t h a t
R e (I k ) > 1 r 1/ 2 -  ( l - r - 2 ) k (£  r 1^ - ! )  .
p
For k = r we c o n c lu d e  t h a t
| l k | > R e ( I k ) > |  r 1/ 2 -  ( l - r - 2 ) r 2 ( |  r 1/ 2- ! )
> £  r 1/ 2 -  e ‘ 2 (^ r 1‘/ S - l )  > i  r ^ l - e ' 2 ) > ||u||
a l th o u g h  ( ^ ( g ) !  < 1 f o r  a l l  g e G . T h is  c o n t r a d i c t i o n  
e s t a b l i s h e s  Theorem 1 .
SECTION III 
THEOREM 1 FOR G = T
In t h i s  s e c t i o n  we p ro v e  Theorem 1 f o r  G = T .
,_ 2
P r o o f . L e t  \x e M(T) and c a r d (B ( p ) )  > (r+ 1 )-3 . We
must e x h i b i t  Yq and Yk j , l < k < r 2 , l < j < r ,  in  
B(n) su ch  t h a t  i f  PQ = (y0 ) and
Pk+1 = Pk u Ŷk + 1 , j  : 1 < j  < r )  U + Yk + l , i  " Yk + 1 , '
then  f o r  Y e and i  < j  we have  Y + Y k ; i “ Y k j ^ B •
By Theorem l '  we may assume c a r d ( B ( p ) )  = «> . we suppose t h a t  
B(p) fl Z+ I s  i n f i n i t e .
L e t  Yq ^e any member o f  B (p) . Suppose t h a t  y^ j  in  
B(p) have  b een  ch o sen  f o r  1 < 3 < r  »  ̂ k (m > i )
c o n s i s t e n t  w i t h  ( 1 ) .  L et Ym r "be any e lem en t o f  B su ch  
t h a t
Ytn,r > I'M f °r Y e Pm. !  • (4)
We su pp ose  t h a t  Ym  ̂j  have been ch osen  in  B (|i)  f o r
9
i+ 1  < j  < r  c o n s i s t e n t  w ith  (1 )  and s a t i s f y i n g  (4) in  th e  
p la c e  o f  y_  „ . Suppose t h a t  no P e B can be ch osen  a sIUj r
Ym  ̂ to satisfy (4) in the role of Ymjr • Then for large 
p e B there are y e Pm_ 2  and i+1 < j < r such that
p+Y-Ym j e B * P is larse enough P+Y-Ym ĵ will satisfy
(4) in the place of Ym r • There exist y ' e Pm_1 and 
i+i < j' < r so that (p+Y-Y^j) + Y* “ Ym^' G B . Let M 
be 2 max{Y_ j : i+1 < j < r) . If L M < p <  (L+1)M , then
U1.I J  —  —  —
(L-l)M  < P+Y“Ym j  < P 5 th u s  t h e r e  a r e  a t  l e a s t  L p o i n t s  in
B fl [M, (L+1)M) . We c o n c lu d e  t h a t
l itn  in f ( 2 R + 1 ) " 1 E | & ( n ) | 2 > (2M)"1 > 0 
R“*°o | n l<R
which i m p l i e s  t h a t  \x i s  n o t  c o n t in u o u s ,  a c o n t r a d i c t i o n .
Thus some p e B s a t i s f y i n g  (4) in  th e  p la c e  o f  y m „ can beTiij r
chosen a s  Ym  ̂ • I n d u c t i v e l y  we o b ta in  Y0 ancl Y^ j j
p
l < k < r , l < j < r ,  a s  r e q u ir e d .
SECTION IV 
RANDOM WALKS IN Zn
We s h a l l  p ro ve  Theorem 1 f o r  groups G = Tn , n > 1 , 
by in d u c t io n  on n . We r e q u ir e  some g e o m e t r i c a l  lemmas con­
c e r n in g  random w alk s in  Zn . In what f o l l o w s ,  a h y p e r p la n e  
H in  Rn w i l l  he c a l l e d  r a t i o n a l  i f  f o r  some z e Zn , z+H 
i s  a su b sp a ce  o f  Rn c o n t a in in g  n -1  l i n e a r l y  in d e p e n d e n t  
v e c t o r s  from Zn . T h is  i s  e q u i v a l e n t  t o  s a y in g  t h a t  f o r  some 
z in  Zn , (z+H) n i s  iso m o r p h ic  t o  Z .
Lemma 1 . L et n > 1 , {p^) be a se q u en ce  in  Zn and S be 
a f i n i t e  s u b s e t  o f  Zn such t h a t  P i + j - P i  e s  f o r  a H  1 • 
Then f o r  each  p o s i t i v e  i n t e g e r  N t h e r e  a r e  N i n t e g e r s  j  
and a r a t i o n a l  h y p er p la n e  H such  t h a t  Pj e H .
2
B e fo r e  we p rove  Lemma 1 ,  c o n s id e r  an exam ple in  Z . We 
assume t h a t  p^ /  0 f o r  a l l  i  and t h a t  0 = i s  a
c l u s t e r  p o i n t  o f  {Up ^IP^P^) such  t h a t  0^ and 0g a re  ra “
t i o n a l . L et H be th e  l i n e  through  0 and 0 . S in c e  0^




b etw een  t r a n s l a t e s  o f  H by e le m e n ts  o f  Z . We can enu­
m erate  such  t r a n s l a t e s  o f  H as H1 so  t h a t  Hi  i s  a  d i s ­
ta n c e  d | i  | from H . Suppose the  lemma f a l s e  f o r  some N . 
F ix  a p o in t  P j  . Among th e  f i r s t  ( 2 k + l ) ( N - l )  + 1 s u c c e s s o r s  
o f  P j  a t  l e a s t  o n e ,  sa y  p^ , o c c u r s  on an w ith
J i |  > k . L e t  M be th e  maximum o f  |< s , 0 > )  f o r  s e S ,
2
where < * ,* >  d e n o te s  th e  u s u a l  in n e r  p r o d u c t  in  R . Con­
s i d e r  th e  a n g le  A form ed betw een two l i n e s ,  H and th e  l i n e  
th rou gh  0 and p^ . We have
| t a n ( A ) |  > ( k d ) ( |< P j ,0 > |  + ( 2 k + l ) ( N - l ) M ) “1
I f  k i s  l a r g e  enough,
| t a n ( A) | > d(2MN)“ 1 = d(4MN)“ 1 .
i i i
L et H and H be l i n e s  through 0 w i t h  r a t i o n a l  s l o p e s
fo rm in g  a n g le s  w ith  H t h a t  are  l e s s  than  a r c t a n  d(4MN)“ 'L , 
b u t on o p p o s i t e  s i d e s  o f  H . S in ce  a su b se q u e n c e  o f
n i P i i r V  c o n v e r g e s  t o  0 , we have i n f i n i t e l y  many c h o i c e s
_ t i t
f o r  P j  in  th e  same r e g io n  between H and H a s  H i s . 
For each  such  P j t h e r e  i s  a s u c c e s s o r  P j on th e  o p p o s i t e
t i t
s i d e  o f  H or  H . W e  co n c lu d e  t h a t  t h e  b r o k e n - l i n e  p a th
, , i i i
t r a c e d  by th e  seq u en ce  (pi J c r o s s e s  H o r  H i n f i n i t e l y
i t i
o f t e n .  S in ce  H and H have r a t i o n a l  s l o p e s ,  a f i n i t e
12
number o f  t r a n s l a t e s  o f  them c o v e r  a l l  th e  p o i n t s  in  Zn 
w it h in  a c e r t a i n  f i x e d  d i s t a n c e .  I f  we ch o o se  th a t  d i s ta n c e  
t o  be th e  maximum o f  J|s|| f o r  s e S , one o f  th e  t r a n s l a t e s  
c o n t a in s  f o r  i n f i n i t e l y  many i  .
T h is  example s u g g e s te d  how t o  h a n d le  th e  g e n e r a l  c a s e .
When 0^ ancl 02 coul a n° t  b o th  be  r a t i o n a l ,  we ch ose  0  ̂
and ©2 c l o s e  t o  0-̂  and 6^ and a t te m p te d  a s i m i la r  argu­
m ent. I t  became im portant t o  c o n t r o l  th e  l e a s t  common denom i-
i i i
n a to r  Q o f  0^ and 0g b e c a u s e  our lo w e r  e s t im a t e  f o r  d 
/ ' \ - lwas (Q ) . W e  were l e d  t o  in v o k e  th e  d io p h a n t in e  a p p r o x i­
m ation s  g iv e n  by Theorem V II o f  [ 5 ,  p .  1 4 ] :  I f
are  r e a l  numbers, then  t h e r e  a r e  i n t e g e r s  Q , Q], * ’ * * * ^  w ith
Q a r b i t r a r i l y  l a r g e  such t h a t
Q1/ nmax{|Q01- q 1 | : 1 < i  < n )  < n / ( n + l )  .
P ro o f  o f  Lemma 1 . We s h a l l  argu e  b y  c o n t r a d i c t i o n  t o  o b ta in  
a r a t i o n a l  h yp erp lan e  H w hich  t h e  b r o k e n - l in e  path  tr a c e d  by  
t h e  seq u en ce  fp^) c r o s s e s  i n f i n i t e l y  o f t e n .  A f i n i t e  number 
o f  t r a n s l a t e s  o f  any r a t i o n a l  h y p e r p la n e  H c o v e r s  a l l  th e  
p o i n t s  in  Zn whose d i s t a n c e  from  H I s  bounded by a c e r t a i n  
number. In our c a s e ,  i f  we c h o o se  t h a t  number t o  be th e  
maximum o f  ||s || f o r  s e S , some t r a n s l a t e  o f  H w i l l  con­
t a i n  p^ f o r  i n f i n i t e l y  many i n t e g e r s  i  , because  th e r e  
w i l l  be t h a t  many p o in t s  p^ f o r  w hich  p^ and are  on
13
o p p o s i t e  s i d e s  o f  H .
L e t  0 = (02^ ***> 0n ) be a c l u s t e r  p o in t  o f  {||pi ||” 1Pi ) •
Note t h a t  i f  p^ = 0 i n f i n i t e l y  o f t e n ,  t h e  lemma f o l l o w s .
We may t h e r e f o r e  assum e t h a t  p.  ̂ /  0 f o r  a l l  i  . S in c e  
6 ^  0 , we may assum e 0^ j4 0 . By Theorem V II  o f  [ 5 ,  p .  14]  
t h e r e  a re  i n t e g e r s  Q > 0 and su ch  t h a t
(a )  | |  < 1 f o r  1 < i  < n ;
(b )  Q1//n > 64MNn'L/ ^  , where M > 1 + | |s | |  f o r  a l l  s  e S ;
( c ) l ^ i l  > ( 1/ 2 ) \ e ±Q.\ f o r  1 < 1 < n 5
(a )  <T1 ( q i + q i ) 1//2 < 2| |e|| = 2 .
L e t  q be th e  v e c t o r  an<1 w t h e  v e c t o r
( -q g iC ii* 0 ,  • • • jO) . Choose a r a t i o n a l  number r  so  t h a t
l 6 n 1//2Q -(n + 1 ) / n < r < (4MNQ)"1 , by ( b ) .  Let h ' and H'* 
be th e  su b s p a c e s  o f  Rn o r th o g o n a l  t o  rq-w and rq+w , r e ­
s p e c t i v e l y .
Assuming th e  lemma f a l s e ,  we s h a l l  show t h a t  th e  p a th
1 1 1
t r a c e d  by th e  se q u e n c e  [p^j c r o s s e s  e i t h e r  H o r  H i n ­
f i n i t e l y  o f t e n .  We s h a l l  e s t i m a t e  th e  r a t i o  |< p ,w > < p ,q > “1 \
f o r  some p o i n t s  p from  t h e  s e q u e n c e .  We s h a l l  show t h a t  
t h e  i n e q u a l i t i e s  |<Pi v,w><pi ,q > “ 1 \ < r  and |< P i ,w><pi ,q > “ 1 \
> (4MNQ)"1 each  have  i n f i n i t e l y  many s o l u t i o n s  f o r  th e  in d e x .
I t  th en  s u f f i c e s  t o  show t h a t  p o i n t s  s a t i s f y i n g  th e  f i r s t  i n ­
e q u a l i t y  a r e  s e p a r a t e d  from  p o i n t s  s a t i s f y i n g  t h e  se co n d  by
1 i t  1 t i
H o r  H . Note t h a t  H and H a r e  t h e  p o i n t s  where
t h a t  r a t i o  i s  r  . For exam p le , suppose  t h a t
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|< P i >w><pi ,q > “1 | < r  and t h a t  (<Pi ,q > )  > 0 , h u t  t h a t  
< P j»w><pj»q>- 1  > (4MNQ)"1 and (< P j ,q > )  > 0 . Then
<Pi>rq-w > = r<p± ,q >  -  <p± ,w> = <p±,q > ( r  -  <Pi , w X p 1 ,q > “1 ) > 0 
h u t
<P j  * rq-w> = < P j ,q > ( r  -  < P j .w X P j ,q > " 1 ) < 0 .
i
Thus p^ and p^ a r e  on o p p o s i t e  s i d e s  o f  H . The o t h e r  
c a s e s  a r e  h a n d led  s i m i l a r l y .
To s e e  t h a t  |<Pi jW Xp^,q>~'1' 1 < r  i n f i n i t e l y  o f t e n ,  we 
n eed  o n ly  show t h a t  |< 0 ,w X 0 > q > ”^ | < l 6 n ^ / 2Q“ (n+l ) / n t s i n c e  
a su b seq u e n c e  o f  (Up^IP^P^) c o n v e rg e s  t o  9 and 
l 6 n ^ / 2Q” (n+1 ) / n < r  . S in c e  q i s  o r th o g o n a l  t o  w ,
|< 0 ,w > l = |<0-Q “1 q,w >| < ||0-Q"1q||j|w||
< n1/ 2Q“ (n + 1 ) / n ( q2+ q | ) <  2n1/ 2Q~1/ n .
On t h e  o t h e r  hand,
|< 0*q > l = Q"1 |<Q0^q>| = Q- 1 |< Q 0-q ,q >  + < q ,q > |
> Q- 1 (IWII2 -  IIQ M IM ) > e ^ l l i lK M  - »v V v ” ) •
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S in c e  |q 1 | > 1, I ^ Q j  f o r  a l l  i  , ||q|| > - |  Q . M oreover,
by ( b ) ,  £  Q > n1//2Q“1//n • Thus
Q“ 1 l|q ||( ||q || -  n ^ Q " 1/ 11) > 1 / 2 ( |  q -  n 1//2Q’ 1 //n ) > (1 /8 )Q  .
Thus
|< 0 ,w > < e ,q > - 1 | < 2n1/ 2Q~1/ ri[ ( 1 / 8 )  ‘Q]” 1 = l e n 1/ ^ "  (n + 1 ) / n .
To argu e  t h a t  |<P^^w><pi ,q > “‘I'l > (4MNQ)“  ̂ i n f i n i t e l y  
o f t e n  we n eed  t o  assume t h a t  t h e  lemma i s  f a l s e . L e t  F be 
t h e  su b sp ace  o f  Rn g e n e r a te d  hy t h e  v e c t o r  q and th e  v e c t o r s  
e i  = ( 6k i )  * f o r  3 < i  < n . N ote  t h a t  F i s  a r a t i o n a l
h y p e r p la n e  and t h a t  t h e r e  i s  a  minimum d i s t a n c e  d betw een
t r a n s l a t e s  o f  F by  e le m e n ts  o f  Zn . Enum erate t h e s e  t r a n s ­
l a t e s  a s  F^ f o r  i  e Z in  such  a manner t h a t  F^ i s  in  
d i s t a n c e  J ± | CL from F . F ix  some i n t e g e r  J . I f  th e  lemma 
i s  f a l s e ,  among t h e  p o i n t s  PJ+ j. > 1 < 1 < ( 2 k + l)  ( N - l )  + 1 , 
a t  l e a s t  o n e ,  sa y  P j+j  > o c c u r s  on an F^ w i th  | i j  > k . 
S in c e  w i s  o r th o g o n a l  t o  F and F i s  n - l - d i m e n s i o n a l ,
“I
t h e  d i s t a n c e  from  Pj + j t o  F i s  e q u a l  t o  |<pJ + j , ||w||~ w>| . 
Thus
| < P J + J *ve>| > kd||w|| .
E s t im a t in g  |< P j+ j>q>| > we o b t a in
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l<pJ + j , q > l ^  l<pJ , q > i + t ( 2k+1 ) ( N - l ) + l ] m a x ( | < s , q > |  : s e S) . 
S in c e
|< s ,q > |  < |< s ,q -Q 0 > \  + | < s , Q0>|
< II8IIII1-Q®II + < | |s | |n 1/ 2 |J- ( n + 1 ) / n + Q||s||
< 1 + Q||s|| < QM , by ( I d )  ,
we have
|<PJ+j , q > |  < |< P j , q> | + (2k+l)NQM •
Thus
I<pj + j >w><pj + j •>q>~1 1 > k d llwl l ( |< P j .q > |  + (2k+l)NQM)“1 .
I f  k i s  l a r g e  enough
U P j + j - w X P j + j . q ^ 1 ! > allwlKiNQM)- 1  .
A l l  we have l e f t  t o  show i s  t h a t  <l||w|| > 1 .
Let u = (q-^qgjO* * ‘ **°) . For z = (z -^ Z g , • • * ,z  ) e Z13 
l e t  Q (z) be th e  s e t  o f  v e c t o r s  v  in  Rn such  t h a t
( i )  z ± < (< v ,e  _!>)'< z ± + 1 f o r  3 < i  < n ;
( i i )  z 2 ||u ||2 < « v , u »  < ( z 2+l ) | | u | | 2 ;
( i i i )  ^ I M 2 < (< v ,w > ) .<  ( z-l+1)||-w||2 .
The s e t s  Q (z) p a r t i t i o n  Rn and each  has L ebesgue m easure  
IWIIIMI = ^1 + ^2 * s i n c e  th e  c a r d i n a l i t y  o f  Q(z) n Zn i s
2 2 nin d e p e n d e n t  o f  z , ea ch  Q (z) has + q2 p o i n t s  o f  Z
For e v e r y  h y p e r p la n e  z+F w ith  z e Zn and 0 < (< z ,w > ) <
||w||2 t h e r e  i s  a p o i n t  z '  in  Zn 0 Q ( 0 , 0 , 0 , • • * , 0 )  such t h a t
z*+F = z+F . For exam p le , i f  z i s  in  Q ( 0 ,v 2 , * * , th en
z* = z -  (v 2u + + • • •  + vne n ) i s  Q (0 j ‘ **>0 ) • S in c e
z ' - z  e F , z '+ F  = z+F . Thus th e  c a r d i n a l i t y  o f  Zn fl Q (0, • • • , 0 )
i s  an upper bound on t h e  number o f  h y p e r p la n e s  z+F such t h a t
P  Y)0 < (< z ,w > ) < ||w|| and z e Z . The d i s t a n c e  o f  a p o in t  v
in  Q (0, • • * , 0 )  from  F i s  g iv e n  by |< v ,  ()wH“ ^w>| . S in c e
|< v ,w > | < \\v}\\- , t h a t  d i s t a n c e  i s  bounded by ||w|l . S in c e
th e  d i s t a n c e  betw een  two t r a n s l a t e s  o f  F by e le m e n ts  o f  Zn
i s  a lw a y s  an i n t e g e r  m u l t i p l e  o f  th e  minimum d i s t a n c e  d  , we
have
a ( i f  + i f )  > M l
2 2 2bu t s i n c e  ||w(| = + q2 , we have cl||w|| > 1 , and we are
d o n e .
Lemma 2 i s  a r e s t a t e m e n t  o f  Lemma 1 in  th e  form t h a t  w i l l  
be u se d  in  t h e  n e x t  s e c t i o n .
Lemma 2 . L et n > 1 and S a f i n i t e  s u b s e t  o f  Zn . L et
+  * +N e Z be g i v e n . Then t h e r e  i s  an N e Z such t h a t  i f
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{pi ) i s  a f i n i t e  se q u e n c e  in  Zn o f  l e n g t h  N* ana
i
" P i  e S f o r  a l l  i  < N , th e n  t h e r e  a r e  N d i s t i n c t
i n t e g e r s  j and a h y p e r p la n e  H su ch  t h a t  p^ e H .
P r o o f . Suppose Lemma 2 i s  f a l s e  f o r  some N ; th en  c h o o se
i 4. 1
f o r  each N € Z a seq u en ce  (p , J o f  l e n g t h  N w h ich
N , i
m eets no r a t i o n a l  h y p e r p la n e  more th a n  N - l  t i m e s .  We s h a l l  
i n d u c t i v e l y  d e f i n e  an i n f i n i t e  se q u en ce  (p^) su ch  t h a t
p i +  ̂ -  p .  e S f o r  a l l  i  and such  t h a t  {p^} m eets  no h y p e r ­
p la n e  more th an  N - l  t i m e s ,  a c o n t r a d i c t i o n  o f  Lemma 1 .  We
may assume t h a t  p , = 0  f o r  a l l  N ; l e t  p , = 0 . Then
N , 1  X
p , e S f o r  a l l  N . S in c e  S i s  f i n i t e  t h e r e  i s  a  p 0 e S 
N ,2  ,
such t h a t  f o r  i n f i n i t e l y  many N , p , = Pn and p , = Po
N , 1  N , 2
Suppose have  "been ch o sen  so  t h a t  f o r  a r b i t r a r i l y
1
l a r g e  c h o i c e s  o f  N we have p t = p . f o r  1 < i  < k .
N , i  1 “  ”
Then among t h o s e  s e q u e n c e s  we have p , e p. + S . S in c e
N ,k + l  K
p^ + S i s  f i n i t e ,  t h e r e  i s  a P^+i  e P^ + S such  t h a t  f o r
i n f i n i t e l y  many N* , p , = p., f o r  1 < i  < k+1 . The i n -
N , i
f i n i t e  se q u e n c e  fp^) m ee ts  no r a t i o n a l  h y p er p la n e  more than  
N - l  t im e s  b e c a u s e  no  i n i t i a l  segm ent o f  i t  c a n .
SECTION V 
THEOREM 1 FOR G = Tn
In t h i s  s e c t i o n  we p rove  Theorem 1 f o r  G = Tn "by i n ­
d u c t io n  on n .
P r o o f . We may assum e t h a t  n > 1 and t h a t  t h e  theorem  i s  
t r u e  f o r  G = Tn_'1‘ . I f  c a r d (B (p ) )  < °° we a r e  done by  
Theorem l ' ,  s i n c e  Zn , th e  d u a l  group o f  Tn , i s  an o r d e re d  
group under  th e  l e x i c o g r a p h i c  o r d e r in g .  We t h e r e f o r e  su pp ose  
t h a t  c a r d ( B ( n ) )  = «> . L et ir be t h e  p r o j e c t i o n  on to  a c o o r d i ­
n a t e  su ch  t h a t  7r(B(|j)) i s  unbounded. We may su p p ose  t h a t  
t h e r e  e x i s t s  { Y ^ 3  c  B(p) such t h a t  l im  tt(Y^) =  + 00 . Let  
Yq e B (p ) be  a r b i t r a r y  and su p p ose  t h a t  Yk j  , 1 < j < r  *
1 < k < m-1 (m > 1 )  , have been  fou n d  in  B (p )  . I t  i s  con­
s i s t e n t  w i t h  (1 )  t o  l e t  Ym r be  any member o f  B (n) su ch  t h a t
^ (^ m ,r ) > 7r(Y) f o r  a11 Y e Pm-1 * ^
We may su p p ose  t h a t  Y .. f o r  i+ 1  < j < r  have been found
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t o  s a t i s f y  (5 )  in  th e  r o l e  o f  v m r  and ( 1 ) ,  bu t t h a t  no
Ym  ̂ can be  found t o  s a t i s f y  (5 )  in  t h e  r o l e  o f  Ym r  • L et
M be 2 max{Tr(Ym j )  : i+ 1  < j  < r )  . L e t  n ' be th e  i n t e g e r
g iv e n  by Lemma 2 f o r  S = (Y-Ym j  : y ' e pm_ i  and i+ 1  < J
~ 2
and N = ( r + l ) - 51* + 1 . C o n s id e r  any p e B such t h a t
fr(p) > n ' m . S in c e  p s a t i s f i e s  (5 )  in  th e  p l a c e  Ym r , th e
r ea so n  p can n ot s e r v e  a s  a Ym  ̂ s a t i s f y i n g  (5 )  i s  t h a t  f o r
some y s n and i+ 1  < j  < r  we have P+Y-Y™ a e B . N otem-x — — hi# j
t h a t  (n '-1 )M  < tt^+y-Y™ a ) < 7r(p) • S in c e  p' = P+Y-Y^ 1 s a -TU> J ulj J
/ x  1 1t i s f i e s  (5 )  a l s o ,  t h e r e  m ust be  y s Pm_2 anct £  J r
such  t h a t  p * +y * —Y— • € B . A lso  (N*-2)M < ir(p +y -y  . i )  <Hlj J J
7T(p' ) . I f  we l e t  p = , and p' = p2 # we can c o n t in u e  in
t h i s  way t o  o b ta in  a  se q u en ce  (p i 3 o f  l e n g t h  N such t h a t  
pi+ 1  -  P i  e S f o r  i  < N* . N ote  t h a t  th e  seq u en ce  i s  com­
p o se d  o f  d i s t i n c t  p o i n t s .  By Lemma 2 t h e r e  are  a r a t i o n a l  h y -  
p e r p la n e  H and N = ( r + l ) ^ r +1 i n t e g e r s  j  such t h a t  p . e H .
o 2
T hus, s i n c e  th e  p ^ 's  a r e  d i s t i n c t ,  card(H  Cl B(pi)) > ( r + l ) - 5 
L et z e Zn su ch  t h a t  (z+H) n Zn i s  iso m o r p h ic  to  
Zn_1 . L et i|i be t h e  q u o t i e n t  map from Tn t o  
Tn/ [  (z+H) n Zn ] x . L et v = ili(z*u) be th e  m easure on  ̂(Tn )
such t h a t  v (E ) = (z  *u) ( E ) ) f o r  a l l  B o r e l  s e t s  E c  iK t” ) •
E q u i v a le n t l y ,  v i s  t h a t  m easure in  M(i(i(Tri) )  such t h a t  f o r  
Y e (z+H) n Zn
v ( y )  = [ t ( z - u ) ] A(Y) = ( z *u ) A(Y) = ft(Y-z) • (6 )
Then v s a t i s f i e s  th e  h y p o t h e s e s  o f  Theorem 1 f o r  i|>(Tn ) 
iso m o r p h ic  t o  t 15-"1* . L e t  Yq , j  , 1 < k < 1,2 > 1 < 3 < r
"be g iv e n  in  B (v) = z + (B (n )  n H) s a t i s f y i n g  c o n d i t io n  (1 )
iof Theorem 1. Then redefine Yq to be yQ - z , Yk j to be
Yk,j “ z for 1 -  k ^ m“1 3 1 < J < r > ancl Ymj j to be
Ym,j " z for i+1 < J < r . If we let Ykjj = ykjj - z for
the remaining indices, we are done.
SECTION VI 
THE GENERAL CASE
In t h i s  s e c t i o n  we f i n i s h  th e  p r o o f  o f  Theorem 1.
P r o o f . L et  u s  assum e t h a t  T i s  f i n i t e l y  g e n e r a t e d .  By 
[ 6 ,  p .  4 9 ] ,  r  = A © Zn f o r  some n o n - n e g a t iv e  i n t e g e r  n , 
where A i s  t h e  t o r s i o n  subgroup o f  r  and h en ce  by assum p­
t i o n  ca rd (A ) < K . S in c e  c a r d (B (p ) )  > K ( r + l )^ r ^ t h e r e  i s  
a x e A su ch  t h a t  c a r d ((x + Z n ) n B (n ))  > ( r + l ) ^ r . L et  
be th e  q u o t i e n t  map G t o  G /(Zn ) x . Then v = i|i(x*p) i s  
t h e  m easure on \|i(G) s a t i s f y i n g
0 ( z ) = (Xp)A( z ) = p ( x + z )  , f o r  z e Zn .
S in c e  \|f (G) i s  iso m o r p h ic  t o  Tn and s i n c e  v s a t i s f i e s  th e
1 1 2hypotheses of Theorem 1, there exist YQ and Yk j * 1 < k < r ,
1 < J < r  > in  B( v ) = + t B (^) n (X+Zn )] s a t i s f y i n g  (1 )  ,
t 1
w ith  Yq > Yjj j  r e p l a c i n g  Yq and > r e s p e c t i v e l y .
Then y 0 = X+Yq , Yk#j = X+Yk,j ' 1 < k < r 2 * 1 < j  < r ,
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satisfy (1) for [x .
In the fully general case, let S he a subset of B(p)
o r 2of cardinality K(r+1)~) + 1 . Let A be the subgroup of
r generated by S . Let be the quotient map from G to
G/Ax . Let v = (t-0 be the measure on G/Ax such that
\)(x) = Cl(x) for all X e A . v satisfies the hypotheses of
Theorem 1 and [t(G)]A = A which is finitely generated. As 
we have already proven, for v there are Yq > Yk j > 
l < k < r 2 , 1 < j < r , satisfying (1). Since B(p) n A = B(v)
and A is a subgroup, the same Yn and Yv •?'s will workU Kj J
for (i .
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